Unit 6 Complete May 17, 2018

M3201 - Section 6.1 and 6.2

UNIT 6 Exponential Functions

6.1/6.2: Characteristics of Exponential Functions

We will explore exponential functions of the form: ) = G(b !x '

where h>1 or (O<h<l and a>0
A SN | WA

the variable is in
the exponent

X Investigation:

2 1. a. Complete the table of values and sketch the graph of: y = 2" \'S‘ L

/:—inlemept V\OV\Q
y-intercept

N
End Behaviour _&E "'a Q'\
Increasing/Decreasing _‘A"ms:‘%_
Horizontal Asymptote (/\:
Domain e
o

c. Compare the pattern in the table of values with the b-value.

6 > 1 - :V\CCQKS;/\S
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All exponential functions of the form y = a(h)" gets very close to the
x-axis but will never touch or cross it.

This line that the graph gets close to is called the horizontal asymptote
and has an equation of y = 0.

N\

\
(1 2. a. Complete the table of values and sketch the graph of: = [;

-

N

- Zz'a",'

1

o i
r4 i
\ d 4 L
%& | “J

b. Identify the characteristics.

/;nteroept n ? v\ ( \

y-intercept

End Behaviour @ *o Q ‘

Increasing/Decreasing e MS"'W\

Horizontal Asymptote _ R J
€M

‘mmao.&,{,&,x

Domain

\Range &‘_ 2(

c. Compare the pattern in the table of values with the b-value.

Ol = de ki

3. How are the graphs of y 42\ and »= | alike and how are they
different?

A.\}.\\\Q ’\-).\ge?uw\)(
Some M- LACs eﬁé'\yAycv&j
(’.,V\a\ belwwoor b Y a\“ <

\qo(:l&\'\"\\ ‘\5\5\\#-?(

OvaiA / m")(

‘:) -l
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=)

4. Given the following graphs in the form: )/ = Q(b)x

Graph A Graph B

a. Complete the table.

increasing/
decreasing

Ryl
U

Lr | 6 \\¢C
/2] \ 3( < 0 \)(
(3] ¢ Vd
e dec )0l
b. Compare the a-value with the y-intercept.

What conclusmn can you make? _\

n~ Vq\u \3"\

c. Compare the b-value with the shape of the graph.

o}

2
N
—N | =

N

What conclusion can you make?

IP ‘D)‘ =) ‘)'\(rt.«S‘qu
IP O<l7<| ’70!20‘(“5:“3 3
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Characteristics of Exponential Functions of the Form:

y=a(b)" where g>0andg<h<1]orp>]

the number of x-intercepts: none
—
y-intercept = a
end behaviour: extends from Q2 to Q1
equation of asymptote: ) = 0
o

domain: xe R

o—
range: ) >

~_ L
as x-values increase by 1, the y-values will increase/

decrease by a constant ratio equal to the b-value
ifb>1 OR if0<b<1
increasing 1‘5;{1 Q7 to Q1 decreasing from Q2 to Q1

X
\31 (A(b\ 1. What will happenif =1 ? 2. What will happen if 5 =07?

x| O

V23 OTI T}

) V[ y[O0 [0SO

90 Gy

3. What will happenif h < (?

L[5 [%

10
{

y

\
hy* s
3-0 O
\

L % [-¥[16

b--2
3§k6>

L J
-

78 9 9 g

I
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Journal Question:

How are the functions y = x~

R
“ \ 5

O | G5 ]

2 7_:'; 3

‘3‘_ tl?fxa‘n@e 1: ‘4-

a) -9 Q»()“"( | »

ﬁ-interoept o “‘ \

y-intercept

end behaviour% é (ol ‘
inc/dec
Equation of Asymptote :é!=°
Domain x e
\Range : ! ] ,e‘
| X
c) y=¢ \(QX

ﬂ-intemept ! so"\e \
y-intercept
end behaviourm‘
inc/dec <
Equation of Asymptot\ A
Domain x e -
ELZE )

\Range

R

'%" =Y

e Y Y

State the characteristics of each exponential function.

May 17, 2018

=2" alike/different?

=5 \ACTest™
Ly .

=) C)\Pavu.‘ \\

r«\’(

'\

R
) A 32

 inercept. VAO :\g

y-intercept

end behaviou rm

inc/dec

Equation of Asymptote
Domain x e.

)\ \Range ‘3 20 '%Q\

NOTE:
e is a constant known
as Euler's number.

e=2718....
N AN
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Example 2: (Ex. 3, p. 343)

Whiag@ngntial funs‘tigeglatches ea& arzph below? E:P.pWruvhy.
i) »=3002) i) y=43)" i) y=4(0.57" iv) y=24)"

o

é\zc

T T T T
-1 T2 3 4 5

e

YOUR TURN: p. 345

Which exponential function matches each graph below? Explain why.

yod B 0y @ I

L
. o 1 . . . \.._\__ I I:( ‘I ! X
") }'_5(3) é -4 2 0 74 3=y 2 7 4
— -2 -2
x b ¥ d 4
ii) _.,-=3[1J _() O) o ) L
’ _j/ X l_k x
_ 1y 4 2 2 4 42 2 4
iv) v=4- 27 ]
\3)

Practice:

p. 347 - 350, #3, 4abcd, 5abcd, 9, 11, 12ace, 13, 15

May 17, 2018
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Section 6.3: Solving Exponential Equations

Exponent Laws Examples:
(2 ‘ - =2 2\0
1. Zero Exponent: a) L ] b) 5%’ c) &311)
3
b’ =1 - \ - S k\) = \
2. Negative Exponent: a) 37 b)

ﬁ
o
'1‘_

= x?
|

L L - ‘2
i oEw s

LS 7
- X

—_— (4
C———
o \_‘
“ L]
C}z 3. Product Rule: a) 2°x2’ b) x'ex’ c) EXE}’4{3X3}’2)

2 b =b* _.2 - x - ‘S x'Mf} 9%

19,8 ¢
* 9

base
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e
X
Exponent Laws Examples:
.“':A\ . 9 12x* 16x7y
4. Quotient Rule: a) -\c_) b) el c) By
b _ J S
il BN X o) PYNERE

- )\2 = ‘3
éx X4 "'_5:§ =2 -,';\ ‘3"’1
S oo i SR -

(b)Y =b” = 952 2‘3 23
(’l x2 %

K

2 "
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7. Common Base Rule: a) = % ??
X =7

jﬁ:‘l’“ if and only if x =V X\'?a

% -4 —'s
s\
Example 1: # | %.

<

Express each of the following as a power with a base of 2.

a)8

% L 5 | (“'\
: —ZTF -(2$>( ) _ a2 -‘(‘s )
= Z"“ 2 = 2. (9_)
Your Turn . _|__t 2 23

Express each of the following as a power W|th a base of 3. Z

2,6
c) 27 z

zzu

) 8

GRAR
50 Gy

- - Z < 3
} - 1 -—3 3'5 C
NS
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To Solve Exponential Equations:
» write both sides of the equation with the same base

¢ equate the exponents

Example 2:

.9
X=72

The solution for the equation 3* =9

Solve for x:

can also be depicted graphically.

We treat each side of the equation as

2 separate functions. The x-value of the

point of intersection is the solution to the

e
5 5 4 -

equation, x =2 .

Example 3:

a) Use the graph to determine

the solution for 3*"' =9 .

b) Verify the solution algebraically.

’BX i\

]

.*_......

May 17, 2018
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Example 4: Rewrite each equation with the same
Solve each equation algebraically: base and equate the exponents.

Your Turn: 3 R= “ =

Algebraically determine the solution for each of the following equations:

a) N
Dx ¥\ =x42 ;\‘Q('Sx\%)\): f&@

Lx-x =2- Qf@x*S} 2Ux-3
Xz (x 10 =Un—3
6x -Ux = -3-1()

Zx =-\3
Z 2
X:-‘}_

Z

11
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) A2y =48
3Ix-2 h
XO
T =16
D, O
Ix 2 =4 j(: ::,
.5_3-"6 J
3 | |
Example 5:
Solve each equation algebraically:

A 2.3“33 3

May 17, 2018

d) 9(2"")-8=28

BK*S =% % N
Sx-kS Z
Z‘S

Frat n the bas
Ngt e Expon t

‘3&{-?\ =Bx \-L\
Alx = -9
A

v -

\
—\»

Sx -0 =~ 6
020755\ \Sx 2 |6
X:Ji
WA . \
2(2) "‘i? >
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x-1

Example 7:
Solve each equation alg
a) gx—] 3x-2 » & e
L d . =
X - —
-

2 x»b F4(25- :@z) @
n 66l Yardxe2

Lx4¥x -9x - ol S7A S S, ,&\—% X2

Q( "1 O\ 6x-Sx-x ~-72 +(+%
o) Sé \ % -~ _‘.l}
5. 4 =)
xz +ZX < 3 -\
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Your Turn:

1257

DD
By foy- B LG

bx ¥4 ¥ Sk-10 =9~12
GX'\‘S&"& =-12-Y +\0 Z’\*\) 'é(xl-Z) = 7(7( &L)
- —-zé 10x+S - G -12=Tut
X =3 Ox & = 41512

~Bx =D\
Example 8: Identify and correct the error. —

2 ey
\."rg:25"'“4
5t = 528D p > -3)
57 = ‘.
| 5@‘% E ;’
X+

Practice:
p. 361, #2abcd, 4cdef, 5abc, 7bdf ‘ ':. \ ZX+ ‘c

15
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Recall that an exponential expression arises when a quantity changes
by the same factor for each unit of time.

For example,

s a population doubles every year;
+ a bank account increases by 0.1% each month;
+ a mass of radioactive substance decreases by 1/2

every 462 years.

The half-life exponential function is given by the equation:
ot
) l i
A(t) = 4, 5

where is the value after time, 7

a is the initial value
a is the half-life

The doubling exponential function is given by the equation:

]

A(r):/l“(2)d

where A(r) is the value after time, 7

A, is the initial value

d is the doubling time

May 17, 2018
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Example 9: \
The half-life of a radioactive isotope he amount of
radioacfiVe 1sotdpe A(t), at time t, can be moteted by the function:

Aty ol :
2
Algebraicg¥ determine how Ior:%it will take for a sample omg to

decay {q
B . m—

| o
i~ )%, AR

The population of trout growing in a lake can be moderea

by the function P(r) =200(2)Qwvhe =@ epresents the
B oo

Note:
« the value .@ presents the initial number of trout

= the number ofrout doubles every 5 years Solution:

£,
2 %/S%eg)
2 =2
©

-
-

:5% Th o\ L 2

S:E.« et

15'—-?2 < éy" 6400 Ko
>2<

Es)
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Your Turn:
The half life of Radon 222 is 92 hours. From an initial sample of 48g, how

long would it take to decay to 6g?

Example 11: (ex. 4, p. 359)

Solve:
2,~'|] — 5.\ 1

€ owner, we can't equate
the exponents. We will learn how to solve this algebraically in Unit 7. For now,
we will solve by using graphing technology.

Since neither base can be written as a power o

§s = 2{.\"—]] 2 —_ 5[.\'— 1)

Solution: x ~ 2.5

/ X)

; ,! mx) oo+l

5129416, 11.415654 Practice:
p. 363 - 365, #11a, 15, 16b
+ worksheet

12

18
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Section 6.4: Modelling Data Using Exponential Functions

In the previous unit, linear, quadratic and cubic regressions were performed
on polynomial functions. Similarly, technology can be used to create a scatter
plot and determine the equation of the exponential regression function that
models the data.

Example 1: (ex. 1, p. 371)

The population of Canada from 1871 to 1971 is shown in the table below.
In the third column, the values have been rounded.

Year | Actual Population of Canada | Population of Canada (millions)
r‘ 1871 2436 297 2.44

1881 3229633 3.23

1891 3737257 3.74

1901 5418 663 5.42

1911 7221662 7.22

1921 8 800 249 8.80

1931 10376 379 10.38

1941 11 506 655 11.51

1951 14 009 429 14.01

1961 18 238 247 18.24

1971 21568 305 21.57

Statistics Canada

a) Using graphing technology, create a graphical model and an algebraic
exponential model for the data.

Let x represent the number of 10-year

intervals since 1871. Let y represent the
population of Canada in millions.

As the x-values get larger, the
y-values also grow larger, but not
at a constant rate.

The data can be modelled by an
exponential growth function.

May 17, 2018
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=ExpReq(

Exponen. .,

—qn  [a*b"n
266554

1.239R9

An exponential regression on the
data determines the equation of the
curve of best fit.

The equation is verified by graphing it
on the same grid as the given points.

The exponential equation that models
the data is:

y=a(b)
y=2.67(1.24)

b) Assuming that the population growth continued at the same rate to
2011, estimate the population in 2011. Round your answer to the
nearest million.

Since x represents the number of . 20111871
10-year intervals since 1871, 10

y=2.67(1.24)"
y=2.67(1.24)"
y=5425

¥ =54 million
——

; !
(14,54 154257 £166 )

The solution can also be

extrapolated from the graph.

May 17, 2018
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Example 2: (p. 373)

Sonja did an experiment to determine the cooling curve of water. She placed

the same volume of hot water in three identical cups. Then she recorded the

temperature of the water in each cup as it cooled over time. Her data for

three trials is given as follows.

Trial 1 Trial 2 Trial 3

Time | Temperature Time |Temperature Time | Temperature

(min) (°C) (min) (°C) (min) Q)

0 80 0 75 0 78

5 69 5 66 5 68

10 61 10 59 10 61

20 45 20 44 20 44

30 34 30 32 30 33

40 26 40 23 40 25

a) Construct a scatter plot to display the data. Determine the equation of
P play X

the exponential regression function that models Sonja’s data.

Let x represent the time, in minutes, since the experiment began.

Let y represent the temperature in degrees Celsius.

(time temp)

=ExpReg(]
[E xponen...
'
78,6812
0.971517
0934535
=" Exponential Regression”

The data can be modelled by an
exponential decay function.

An exponential regression on the
data determines the equation of the
curve of best fit.

Note: The initial temperatures of the
three samples were not the same:
80 °C, 75 °C, and 78 °C.

The regression model defines

a = 78.68, which is close to all three
initial values.

May 17, 2018
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The equation is verified by graphing it
on the same grid as the given points.

The exponential equation that models
the data is:

X

y=alb
y=78.68(0.97)"

The solution can also be extrapolated
from the graph.

b) Estimate the temperature of the water 15 min after the cxperiment

began. Round your answer to the cc.

After 15 minutes, V= 78.68(0.97)|'
e ) -

The solution can also be
interpolated from the graph.

¢) Estimate when the water reached a temperature of 30 °C. Round your

answer tN
v =78.68(0.97)"

30 =78.68(0.97)"
( ) The point of intersection is
(33.367..., 30),

s0 X = 33 minutes.

Practice Questions:

Se_(15,51.0067179331 )

- p. 377-382, #4c, 5¢, 8¢
3 POpTr——" (use the graphs and regression
i equations from p. 740)

May 17, 2018
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range. S .
k :Sm + me Value of Investment ($)

Section 6.5: Financial Applications Involving Exponential Functions

1. Simple Interest:

Simple interest is calculated only in terms of the original amount invested, not

on the accumulated interest.
A=P(l+rt)
——

Simple Interest Formula: ‘ A=P+Prt

where P is the principal amount

tis the time in years l‘k% - 0 .0"

ris the interest rate per annum (as a decimal)

NOTE: A is the sum of the principal (P) and the accumulated interest (Prt)

Example 1:

Kyle invested his summer eamings of $5000.00 at 8% simple interest, paid
annually.

a) Create a table of values and graph the growth of the investment for 6 years
using time, in years, as thg domain an%he%alue of the investment as the
r 4

(years)

o | 5000
T IR =<000 +S000(0 06Y(1) = SO0
2 1A = SO +Sol )2 Sg00
S = 620G

4 G‘;Cx)
° 1000
° 2400

23
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a) What does the shape of the graph
tell you about the type of growth? Y

: Jura.
L\V\C“‘r I X 3 — \

6L {
= ')(ow 'MS 62 °
Cof\s\-m\ c 6\( 2: . :

S8 1 2 345 ¢

b) Why is the data discrete?

OV\\vl 03(,'\' ?o'~é\ as\' ’(\At C_V\A o%
QULrvB 3%‘"-

c¢) What do the y-intercept and slope represent for the investment?
\Q - .. a‘\". Qr'm:‘.?-\\ aw\o\o\\
5\92 . Y00 = \V\‘sflf‘S‘V eecned

d) What is the value of the investment after 10 years'?

A-
- S\Z;OP + SOOO(O R)\0

> $0<ﬂ¢ \'

R—Iow much interest was earned after 10 years?

To\'n\ - P( "“-'\"\ —
9000 - SO0 2

000 & ‘ater (s'\

24
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2. Compound Interest:

Compound interest is determined by applying the interest rate to the sum of
the principal and any accumulated interest.

Compound Interest Formula: A=P(1+i)

where  Ais the future value
P is the principal amount

i is the interest rate per compounding period
(expressed as a decimal)

tis the time in years
n is the number of compounding periods

n is NOT the number of years!

Refer to previous example of $5000.00 (P) in a savings account earning an
annual interest of 8%.

Time Amount of Annual
(years) Interest

o | O |A-Sood[+0sg) = So00
t | 400 A= 200u{r0.0x)" » Stov

2 | 432 | A-soo0((toos) =5g32
s [ W67 [A=5000(l40.05$ =629

NOTE: The accumulated interest and the value of the investment do not
grow by a constant amount as they do with simple interest.

Value of Investment ($)

An exponential regressio el the investment would result in the

equation: = 5000(1.08)"
) L(m)”.

Note how this compares to: 4 =

ﬂt3 o\\&.'u\ﬁ SO\M'L‘. 3

25
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Investments can also have daily, weekly, monthly, quarterly, semi-annually, or
annually compounding periods.
ga

Compounding Number of Times Interest Rate per
Period Interest is Paid Compounding Period, |
Daily 365 times per year i annual rate
365
Weekly 52 times per year e annual rate
52
Bi-Weekly 26 times per year ; _ annual rate
26
Semi-monthly 24 times per year . annual rate
Y
Monthly 12 times per year . annual rate
T
Quarterly 4 times per year . annual rate
e— = 4
Semi- 2 times per year ._ annual rate
annually = 3
Annuall 1 time per year ;  annual rate
J 1

Kb;-c\ht\u\“ 30 Ace iy 2

For example, if $5000 is investedvat 6% compounded nionthl '3

r

i annual rate _ 0.06 0.005
12 12

N

The compound interest formula is defined as:

A = 5000(1.005)"

where n is the number of months, NOT the number of years

26
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Example 2: Complete the table if the interest rate is 4.8% per year.
V™S

Compounding (Number of Times|Interest Rate per
Period Interest is Paid |Compounding Period (i)
L d
Bi-Monthly 6 —-z-- < Q.009%
'I'Llonthly !l - o ‘ 0[*
1L [\ ="=—<0.0
Quarterly u L = 0.048 < o O\'L
Semi-Annually z L= -0 = 1, > o L\v
Y .
Annually | ( 2 | e O 0\'(
Example 3:

If $5000 is invested, calculate A (the future value) using A= P(l +i)"
for each situation.

o.\\ Lt - L\— K
a) 1% Bﬁr year, compounded guarterly for 3 years - x
A= ?(\ v (.S

0\\

0 02;‘5,:—_)

1
e N=21x}
/\——Scbo(l.Oszs) L= 008\ 775,

A-asmx(w%)“‘ - one Gy

27
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Example 4: \L

$3000 was invested at 6% per year compounded monthly.
ﬁ
a) Write the exponential function in W form: 4= P(l +i)"

| 2
) What will be the future valu of the investment after 4 years'?

A= 3000( 005) \= 4 x12

2.06 . . O0S

]
Example 5:
P \ oS |I‘S
An automobile that originally costs $24 000 loses one-fifth of its value i‘
each year. What is the value after 6 years?

A ’\3(‘\.‘5 5% =0.2 +{-02

= 24000 \--M t* -0

= 24000 (0.R 6 _
Example 6: Sm V\ - C

$2000 is invested for 3 years at an annual interegf rate of 9% 2 O .Oo‘
“Compounded monthly. Lucas solved thation:
A= 20/ (l (3/ SQ
— 0.0%
Correct the error and solve the problem. L S— O.G)-’S
A-P(1xiY .
= \
36 N =
=2900( | 0073) X\

26\7“ 39

28
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Example 7:

Nora is about to invest $5000 in an account that pays 6% interest a year
compounded monthly for the next 3 years. A different financial institution
offers 6.5% interest a year compounded semj:annually for the next 3 years.
Write & Tunction that models the growth of Nora's investment for eac
situation. Should Nora invest her money in this financial institution instead?
Explain why or why not.

3¢ .
A=<ooo(l00s) =000 14

A = S000(1.0325)° (- 0.0¢s

- [60S%) 7 -003%
) 4 :-sz = 6
B&sﬁ She shod, e |, A
A., @{(tv\\' ?:v\m\(.:\\ :v\s".‘ "-\".\ov\ .

Practice Questions:
p. 396 — 397, #10, 14

29
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