M3201 Unit 5 Notes

Math 3201 UNIT 5: Polynomial Functions

Section 5.1 and 5.2:

NOTES

Characteristics of Graphs and Equations of Polynomials Functions

What is a polynomial function?

Polynomial Function:

- Afunction that contains only the operations of multiplication and addition with
real-number coefficients, whole-number exponents, and two variables.

Polynomial functions are named according to their degree.

Degree of a Function:

Examples of Polynomials:

U - s equal to the highest exponent in the polynomial.

Type of Standard Form Specific Example Degree Graph
Polynomial
Constant fix)=a fix)=5x" = S 0 Horizontal line
Linear fixy=ax+b flx) =2x" + 1 1 Line with slope a
Quadratic | fix)=ax*+bx+¢c fix)=2x—x+1 2 Parabola
Cubic fx)=ax®+bx>+cx+d |[fx)=2x3+3x>—2x +1 3 27 Will explore!

NOTES:

1. The terms in a polynomial function are normally written so that the powers are in

descending order.

2. Vertical lines are not considered here because they are not functions since they
do not satisfy the vertical line test. Vertical lines are not part of the polynomial

family!
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In previous grades, we have already explored Constant (Gr.9), Linear (Gr. 9 and L1),
and Quadratic (L2) functions. We will review these functions and then explore cubic
functions.

First however, we will need a few new terms:

Constant Term:

- The term in the polynomial that does not have a variable.

Leading Coefficient:

N\

- The coefficient (the number in front) of the term with the greatest degree in a
polynomial function in standard form. This is denoted as a.

- For example, the leading coefficient of f(x) = +3x2 — 4x

Question 1:

For each polynomial, determine the degree, leading coefficient and constant term.

a) fix)= 3% -4x+5

Degree = _2:_ Leading coefficient ’%__ Constant term = __5

b) fix)= —2x+7
Degree = k Leading coefficient = :_Z Constant term = __;

c) fix)= x*+4x*—6x-9

Degree = _3_ Leading coefficient = __\___ Constant term = __j_
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3
End Behaviour:
- The description of the shape of the graph, from left to right, on the
coordinate plane.
- The behaviour of the y-values as x becomes large in the positive or negative
direction.
- Rememb divided into four quadrants.
X
This cubic This quadratic
function L, | Q ) function
extends from \ extends from
Q3 to Q1 i H X Q2 to Q1
Qs
Turning Point:
- Any point where the graph of a function changes from increasing to
decreasing or from decreasing to increasing.
- For example,
Il I Il 1
This curve has This curve
2 turning > X x 47 does not have
points ¢ > ¢ > any turning
points
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So let’s review!

1. Constant Function, ﬂx) = a (Degree =0)
TAVHLE
TR G
Possible Sketches a is positive (a > 0) If a is negative (a < 0)
Horizontal Lines Q2 t  af 1
—
>y — >y

—

Q3 Q4

End Behaviour

Line extends from
Q2 to Q1

Line extends from
Q3 to Q4

Number of x-intercepts

0 (exception: y = 0 in which case every point is on the

X-axis)
Number of y-intercepts 1(y=a)
Number of Turning Pts 0
Domain {x‘x EiR}
Range {y|y__=_a, ye ER}

9l <R
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2. Linear Functions, f(x)=ax+ b (Degree = 1)

Possible Sketches If leading coefficient, a, | If leading coefficient, a, is
is positive (a > 0) negative (a < 0)
Oblique Lines
Q1

&) .

Line falls to the left and | Line falls to the right and

rises to the right rises to the left
End Behaviour
Line extends from Line extends from
Q3 to Q1 Q2 to Q4
Number of x-intercepts 1
Number of y-intercepts 1(y=»b)
Number of Turning Pts 0
Domain
{x ‘x € ‘R}

Range {y‘y c ‘R}
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3. Quadratic Functions, f(x) = an bx + ¢ (Degree = 2)

Possible Sketches

Parabolas

If leading coefficient, a, is If leading coefficient, a, is
positive (a > 0) negative (a < 0)

Parabola opens up and has | Parabola opens down and
a minimum has a maximum

.
\IJJ

Range (depends on
vertex and opening)

Q4
End Behaviour Parabola rises to the left Parabola falls to the left and
and rises to the right falls to the right
Extends from Q2 to Q_1 Extends from Qito Qi

NOTE: The graphs have the SAME behavior to the left and
right.

{}’|J’2mins}’€m} {y|y£max,yeiR}

Number of x-intercepts

Two r-intercepts | One x P Mo x.
\v7 1\ \[ 2,10r0
N
Number of y-ints 1(y=c)

Number of Turning
Points

Domain
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Let's now explore Cubic Functions of the form ) = ax’ +bx’ +cx+d\

1. y=x

DA

| fo—

Q“, f' .

2. y=—x"4+2x"+2x—6
/————— -

Leading Coefficient: I

Constant Term: O

End Behaviour: _Q_’}_)_(g__Q |

# of Turning Points: ____O__

y-intercept: ___\ = O ‘

Leading Coefficient: __ " |
Constant Term: - c=

End Behaviour: Q_%__“'_C} Q

# of Turning Points: _%__

# of x-intercepts:

y-intercept: _b_f_'_:&..-

b ( 6, —Q)

Leading Coefficient: |

Constant Term: __

End Behaviour:Q—i_g'_-_; QL \

2

# of Turning Points:

# of x-intercepts: —\b

y-intercept: _"QE_?_C@ ) )

N
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4, y=—x+3x>+x-3

5. y=x3—x2—x+1

¥
b

4
|
|

/

/

‘_‘1_4‘!{_ 1 { '
; 2
!

6. y=—x3 +3x-2

Lol —T
L 4

Leading Coefficient: _—_V

Constant Term: ____‘_'__‘\_‘2 l*
End Behaviour: Q_E \'b Q.

# of Turning Points: L

# of x-intercepts: __3___ 3)
y-intercept: _%__;__:}___ S )

Leading Coefficient: _ |

Constant Term:

End Behaviour: } Yo c& \

# of Turning Points: __ &

End Behaviour: a_z_¥;_® '-1

# of Turning Points: __«

# of x-intercepts: __L_ ,h

e

y-intercept: __Lﬁ-_:_’_l_(_-b___\
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— — N\
N \l l ( 10
Investigation Questions:

K(' \ L\ 1. How are the 5|gn of th leadlng coefficie t and the end behayi or related?
“ 1]

Q’Y\ < \'\)os R

Qz*o Qu Q}J‘Q

How are the degree of the, fun%on and th mber of X- |mercepts reIated?
— &5 —S X- -'\\

{ - ‘ K'l\*
(A jO [[1 >~} De.sr\g "Md\x#o‘% )<__‘_\

3. How is the y- |nérc£pt related to the equation?

congrent Tecw =
’\_}\.\ Q‘e( G\\ Q-\‘\Lx 0“\3

4. How many turning points can a cubic function have'?
O ol Z

5 1In general how are the number of turning points and the degree related?

QSQ ’k"“"‘ Olv\§ IS l (SS

\,\nv\ or a r-(_'( -

Q at is he domaln and rangg for. blcfu ions?

e LNy |
% Sam{ ?0( \m%(
BM\‘“ x\x € RY

7. ExPlain why quadratic functions ha%e maximum or minimum values, but cubic

polynomial functions have only turning £0| nts?
A Q\»M\ ra& (& \M«(

Qodede: AN
(o \nr\'d( 'k\“‘

V ¥ was [§S (,\3“.“ "‘“5/“"\

A
,\ C,u\("-ts \/\d\« - \cﬂ
\"’\0\)\/”\../\
J
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4. Cubic Functions, f(x) = ax® + bx® + cx + d (Degree = 3)

Possible Sketches

If leading coefficient, a, is positive

If leading coefficient, a, is

a=0 negative (a <0
Sideways “S” ( ) 9 ( )
1
,\ Q Q2
V4 R
1] 1
I\ X v 1
L m v v
Q3 Jd l Q4
End Behaviour Curve falls to the left and rises to | Curve rises to the left and falls
the right to the right
Extends from Q3 to Q1 Extends fror( Q2 109

NOTE:The graphs have OPPOSITE behaviors to the left and right.

They have similar behavior to the behavior of linear functions.

Number of x-
intercepts

One -

intercepr:

]‘}‘

Two x-intercepts:

Three x-intercepts:

e
Number of y- A (v=d) Domain
intercepts <;_) {xlx < SR}
Number of Turning | 2or 0 Range
Points {yly < ER}

A

e




M3201 Unit 5 Notes

12

*** Refer to page 276 and page 286 for a summary.***

Summary Points for Polynomials of Degree 3 or less:

The graph of a polynomial function is continuous
Degree determines the shape of graph — \ (\
Degree = max # of x-intercepts

There is only one y-intercept for every polynomial and it is equal to the
constant term

The maximum number of turning points is one less than the degree. Thatis,
a polynomial of degree n, will have a maximum of n — 1 turning points.

The end behavior of a line or curve is the behavior of the y-values as x
becomes large in the positive or negative direction. For linear and cubic
functions the end behavior is opposite to the left and right, while it is the same

for quadratic functions. -

ASSIGN:

p.277,#1 -4 (_ A Vv

LY

(You can refer to the graphs at the end of the text to answer question 3 if you do not
have graphing technology)
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79 =t (07 = ((o 3}
/g ¢ 5: DS
EXA:IIM:; esrr:'nine the follo aracteristics function: - —_—b\ - QC)
¢} domein and ran L ('_\;.c
A ooy
N a. f(x)=—3x% L"’\U’"\ b. J\f(x)—4x@-6x+i
Dea-ee ~y O 2
O\\ /L ~ ; 6\ Gz“"(}u )(O }_IS) 0¢ ptr=
\)\ uy"\\"z '375‘36% / ‘3
Q) &ixe RS Sy | <)ne Ry
\ SIS Dotz
O c. f(x)=:_2_xQ3x2+2x@ d. f(x)=4x3+§a>Q'L -}OQ\
C}\(f}r&.—g" ’S C-\\,'\-L'C J\ca_\.rca'. 3’70"\{.‘
g\B \/2}3 0\\ \,1,3
b (0) b) -iat0 09)
/
€ {X\xeﬂ&edw« C\ xRy
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Q/\, 2. Match each graph with the correct polynomial function. & N
N v —2x2 bx)=x"~2x=2 4 - \:}\
A : : R
c“\,.d c(x)=x"=2x"—x-2 d(x)::—%x”—_’, \ v et \J
(\
’U\ ovu-ﬁa e(x)zx’!_zx_\..’.\]/ f(x)=-2:-3 \:,\'_o\/ \J

3. Determine the degree, the sign of the leading coefficient, and the constant term
for the polynomial function represented by each graph.

C\,\\b C

=T

42% 246
Degree: _S \ Degree: Z. ,
Sign: V\ {,\)'\\'.V{ Sign: Pjs\\'..l-{

Constant Term: Constant Term: L{_

€T =) T .i
\ -6 -4 -2_21 2 4

W
1
N

a.
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a\Degree 2, dne turning point which is a minimum, constant term of — 4
[}

U A

b. Two turning points (one in (_ISEnd one in Q1), negative leading coefficient,
congtxt terrpof 3 "’3— ‘A < ul

0

. e C ‘cé}mg_l positive leading coefficient, co_llstant term of — 2
\ < . *
2) /” BAYR
(_— L (0 ,’13

d. Cubic, three x-intercepts, positive leading coefficient

/N 7
AN
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5. Write a polynomial fu rﬁq{u th&s%isﬁes each set of characteristics.

’ a. Extending from Qlll to QIV, one turning point, y-intercept of 5

— u%"xi‘r XTS

b. Extending-from Qlll to QlI, y-intercept of -4 :
L-u\uh/ @ Q'f' C\\.C

Y 2 2x -4 | WXt %j
[_ c. Degree 1, increasing, y-intercept of -3
4—/-’74 \% 2& A "6

d. Two turningoints, ylnterceptof'!
_ = >\ FXex )
IR = x>t

e. Range of and y-intercept of 2

O e~ Y X+x+2

ASSIGN: \3 S& —ZX _\_2

p.287,#1-4,6-13
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Section 5.3 and 5.4:
Modelling Data with a Line/Curve of Best Fit

A line/curve of best fit is a straight line/curve that best approximates the trend in a
’ scatter plot.

el , 2
‘.*..I..t.' 5
.  as 3 Ve = e
P il Y. o
i K i

s am = 1

£ »-v T g " oy

o s o5
5 _-.‘.,_ul;l:_-_" 8 . '.LJ.i.‘,- _'

Linear Quadratic

Regression results in an equation that balances the points in the scatter plot on both
sides of the line/curve.

A line/curve of best fit can be used to predict values that are not recorded or plotted.

“a

Predictions can be made, either within the data (interpolation) or outside the data
(extrapolation), by reading values from the line/curve of best fit on a scatter plot rfby
using the equation of the line/curve of best fit.

When using a regression model, however, caution should be used in the range of the
data since predicting values too far outside the data may be inappropriate and yield
unrealistic answers.
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Example 1:

The winning times for the men’s 20 km biathlon in the Winter Olympics from 1964 to
2010 (except for 2002) are shown in the table.

Year 1964 | 1968 | 1972 | 1976 | 1980 | 1984 | 1988 | 1992 | 1994 | 1998 | 2006 | 2010
Winning
Time 804 | 73.8 | 759 | 742 | 68.3 | 71.9 | 56.6 | 57.6 | 574 | 56.2 | 543 | 484
(min)

One graphing technology that can be used to help determine an equation of the
line or curve of best fit is a graphing calculator.

Here are a few screen shots from a graphing calculator to show the data.

a) Write the equatlon f the line of best fit.

‘ﬁ‘_ s
3— ~0.6§22x 41131

b) Using the equation of the line of best fit, determine a possible winning time for
the event in the 2002 Winter Olympics to the nearest ndredth of a minute.

TERub 2000 e X
\=-0. G%zz(zwz) + 41937

D3.63 s

¢) Compare your estimate with the actual winning time of 51.0 min in 2002.

C\ogL L’\* \no’\' @(0\5\_
Gondh pedidec
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Example 2:
(7 S
Consider the data in the table. \, \(’
X 0 2 4.5 52 9.5 12
y 5.1 6.7 8.2 8.8 11.9 13.4

Using technology, the equation of the line of best fit was determined to be:

| 1 =0.693x+5.183 )

a) Determine, to the nearest tenth, the value of y when xis 10.6.

U= 0.633 (\O-C) +S ey Gseb 106 e x

1% - 0-60‘3(">+ SI3
(f,%-g.\@ - 0613 X

4. 617 = 04 T3x
06”\3 0455

X6

3"\%
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Example 3:

Matt buys T-shirts for a company that prints art on T-shirts and then resells them. When
buying the T-shirts, the price Matt must pay is related to the size of the order. Five of
Matt's past orders are listed in the table below.

Number of Shirts | Cost per Shirt

$ rt} =

(%) D
500 3.25 m
700 1.95 2

200 5.20 g”,"_’"-“-)
460 3.51 =2

\ 4 / .-“
740 1.69 =

Matt has misplaced the information from his supplier about price discounts on bulk
orders. He would like to get the price per shirt below $1.50 on his next order.

Creating a scatter plot and completing a linear regression, using technology, the
equation for(lhe linear regression function to model the data was determined to be:

CONY —
A P =-0.0065n+6.5
a) What do the slope and y-intercept of the equation of the linear regression

S\o functlon represent |néh%context? _ v\\. C g
il v Rat 3 sk codof

4—\\; Pr i\ decrese <Liets 1s “HESO

b) Use the linear regression function to extrapolate the size of order necessary to

achleve the price of $1.50 per shirt.
Pl |.S =-0:0063n16S
ASSIGN: p. 301, #3,4, 6,9, 10 \ S - CS ’OOOCSV\

l\){t)s L, ordrr o ""y-} |64§'| "S - -0. 65"\
769 sk 0.0&  ~006S
(OI"S) - 76q

(o,15)
0] 74 ™
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Example 4: P

Audrey is interested in how spéR plays a role in car accidents. She knows that there is
a relationship between the speed of a car and the distance needed to stop. She has
found some experimental data (p.308) on a reputable website, and she would like to
write a summary for the graduation class website.

Creating a scatter plot of this data she noticed a quadratic pattern and therefore
completed a quadratic regression on the data which yielded the equation:

< ¥ =0.008x" +0.539x—10.449

a) Use the equation to compare the stopping distance at 30 km/h with the stopping
dlstance at 50 km/h, to the nearest tenth of a meter.

?)Q Yo/ 0 .00% 30) J(O Y (30§‘|()‘H°\
7 _ 0.8 (A00) + 6.7 -\0.449

(232w

SO ‘\\*«/\«\3 0 008(SO): 1OSRI(S) ok
-(36.S )

b) Determine the maximum speed that a car should be travelling in order to stop
within 4 m, the average length of a car.

(Note: Use the “trace” feature on a graphing calculator or read directly from a
graph. Refer to p. 310 in the textbook for the graph.)

\)\$w\—\ Lc«‘-\’ ’\'cD S\"c)? \-J‘\\-w'\ (“'M
\—\A\ w\o\)\\w\v\‘m QP'ULA \S 10 S\("‘/(\

Or
Sub w4

37
t - 0.00%*+0 SN
O = 0-008*40.S3%, - 14 yyy
WS < C}W\A' gf:‘”““"
720.3%6G
X 20Y%
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Example 5:

The following table shows the average retail price of gasoline, per litre, for a selection of
years in a 30-year period beginning in 1979.

Years after 1979 | Price of Gas (¢/L) | Years after 1979 | Price of Gas (¢/L) Salian Raall Prce
0 . 21.98 17 . 58.52
1 26.18 20 59.43
2 35.63 22 70.56
3 43.26 23 70.00 as
4 45.92 24 | 74.48 s
7 45.78 25 82.32 =
8 47.95 26 92.82
9 4753 27 97.86 {4 I
12 57.05 28 102.27 0 4 8 12 1§ 30 34 W B2
14 54]8 29 : ]]529 Years sfter 1979

Statistics Canada

a) Given the scatter plot, what polynomial function could be used to model the

data? Explair:. . _\.(‘\.‘ \\\ :
Cuble = ot sshesy A beier.

) V\o* g Po\ro\boh QS ‘\0 Q\

b) The equation of the cubic regression function that models this data is

P =0.0123n" —0.4645n° +6.295n+23.452 where P represents

the average price of gas per litre and n represents the number of years after \O\KL‘T
1979. Use this equation to estimate the average price of gas in 1984 and 1985.

S\«\: N = S : \0\71

& P - 0 O3 -0 415 (S4(Bs(e) 1258
\ = 1. SNS-NCE NS £ 234y
o

P\%S E: 47 Zjl/v\s'.»\g ov( rtjrcss:o\ Cor it
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c) Estimate the year in which the average price of gas was 56.0 cents/L.

n= \6

9 ¥\G
= 315

ASSIGN: p. 313, #2, 3abc, 4, 8abc

Extra Example: (if using graphing calculator)

Gasoline Retail Price

Years after 1979

DAt

The concentration (in milligrams per litre) of a medication in a patient’s blood is
measured as time passes. Susan has collected the following data and is attempting to
express the concentration as a polynomial function of time.

Time (T hours) 0

1.5

3

4.5

7.5

Concentration (C mg/L) 0

26.9

41.2

47.8

46.0

36.8

20.3

a) Use technology to create a scatter plot and determine a quadratic regression
function that models the data. Round parameters a, b, and ¢ to two decimal

places.

b) The doctor has decided that the patient needs a second dose of medication

when the concentration in the blood is less than 10 mg/L. If the first dose of

medication was given at 9:00am, at what time should the second dose be given?
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Key Strokes for Graphing Calculator for Example 1

. Step1 (. HitsSTAT
| e Choose 1: Edit by either :

hitting 1 or ENTER s

If necessary clear out any
i old data in the list by

;E!_ EHLE TESTS

1L..
=SortRC

S:SortDc
4
=

' ENTER (repeat process for

i highlighting L1 at the top
§L2) tClrList

: of the list: press CLEAR
:SetUrEditor

. Step 2 '« Enter your data into L1
: i and L2

:e Choose 1: Plotl
{e Turn ON the plot by

pressing ENTER ED T (o) o) (D I

44PTotz0ff

Flotz Flotz
ﬂ off
Jret B L dw

b ot ] P
Alistzly
Ylist:ilz
Mark: B -
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. Step4 e Press ZOOM 9(zoom  :
’ i stat)

 This is the data value that
: you submitted into your
. lists in Step 1.

"Hit STAT the arrow over o

 Step5 o .
E ! to CALC e
: :(we] (aen)
ie Choose 4: §-
i LinReg(ax+b) i
: Once you have Lin Reg on LinRegax+b) L1,
{ your screen follow it with Lz.Y10

L1,L2,Y1

' To get Y1: VARS arrow
: over to Y-VARS, choose 1:
{ FUNCTION then choose Y1

i Choosing Y1 will graph the !
i line of best fit of the data | LinReg

: you inputted in Step 1 onto : g=axth
i your graph :

| Step 6 '« Press GRAPH to see
: ¢ your line of best fit
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