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CHAPTER 4 Rational Expressions and Equations

Section 4.1: Equivalent Rational Expressions

Rational Expression:
A rational expression is any expression that can be written as the

quotient of two polynomials, in the form P , where O(x)=0.
A~

Rational Expressions include:

+ A fraction that contains a polynomial in the numerator or denominator

or both.
+ Afraction that contains a variable.
+ NOTE: All rational expressions are algebraic fractions, but not all

algebraic fractions are rational expressions.

X -1
isa r&lional
expression with a
denominator of 1.

X For example,
(

= X 1 _m_ ¥ =1

Example 1:

Which of the following are rational expressions?

><,><'
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Non - Permissible Values (NPVs):

Values that make the denominator of a rational expression equal zero.

To determine the NPVs:

1) Set the denominator equal to zero.
2) Solve for the variable.

You may need to FACTOR to solve the equation.

All NPVs must be stated as restrictions on the variable in order to
ensure the expression is defined.

Example 2:
| - 2
Determine the non permissible values for the expression —
and the}iﬂe%{ggtrictions.
Xx2 =0 Oe

values of

X Ask yourself, for what
xwill x+2=07?

—\ —_
A RNRS
The non permissible value(s) for the expression are:

and the restrictions are:
X 74 2

—

X2
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X —\ = pud

x* = =X

~= 7 5’: (x+3)(x-3)= 0
ol X13=0 X-3=0
Example 4 Y= X =

Your Turn: (ex. 3, p. 219)

Determine the NPVs for each rational expression and then state all the
. g e —
restrictions.

m)
=t

Lo:z6 x(x29)-0
L3 xR0
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Example 5:

gO

Whar are the non-permisible vaue for % X * >

I think the non-
permisabie

I think the mon-
4 pomirable value
4

I think the non-
permissible

values are — 4,
-3 and 4.

Who is correct? Justify your answer.

NOTE:
Non - permissible values and inadmissable values are not the same.

Non - permissible values are values that make the denominator of a
rational expression zero.

Inadmissible values are values that do not make sense in a given
context. For example, you cannot have a negative length.
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Equivalent Rational Expressions:

Recall:

If we have a rational number and multiply/divide the numerator and
denominator by a number (that is, if we multiply/divide the fraction by 1), it
does not change the number.

We say the two fractions are equivalent rational numbers.

fad

For example, consider the fraction

x|l = —x—

b | W
1o | W
Il
|

We say

b | W

12
and ? are equivalent fractions.

Does this apply to rational expressions as well?

Yes, it is similar but there are some restrictions!

Equivalent Rational Expressions:

Two rational expressions are equivalent only if they have the
same restrictions.

This is accomplished by:
1. Multiplying or dividing the numerator and denominator by a number.

2. Multiplying the numerator and denominator by a factor that appears
in the denominator.
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Example 6:
a) Are /X and_——~ ujvalent rational expressions?
e P QD (x-1)= O 2
x)g - —2_ x U =O
L=
Ix - S e N AL
<1 7 T A A
_ X ol e '8 >x—=2 2(7\"”:5
T Ix- x4
b) Are 7Y _and ¥

equivalent rational expressions?
D[ 2

X220 | X(ED=0 \BV o
@ @ e Some 'Q':cm <,

Not eqvivavsy

Example 7: (ex. 2, p. 218)
8

a) Write a rational number that is equivalentto = .

% &y ’
2 A" ¢

b) Write a rational expression that is equivalent to w ) X % O
4x

4 e8| Uhke7)
qx ; 6
%(0 bx=0
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Example 8: (ex. 4, p. 220)

For each of the following, determine if the rational expressions are

equivalent. ’ “ Q
9 —18 2-2x x—1
a) @ and b) @ and @ %

Practice Questions:
Worksheet 4.1,

q p. 222 - 223, #9a(i, ii, iii), 11a(i, ii, iii), 16abcd

3>\"] )X]é)/ %{;’(é %)xZ{O




M3201-Unit 4

M3201 - Section 4.2

Section 4.2: Simplifying Rational Expressions

Simplifying Rational Expressions

The common factors in rational expressions can be reduced in the
numerator and denominator to create equivalent rational expressions.

Remember that the simplified expression MUST retain the non-permissible
values of the original for both to be equivalent.

Review of Factoring:

The two methods of factoring we will need in this section are:

1) Remove a common factor

2) Completing the square @-(}Q OQ 5"\‘;"“5

3. 9x* —15%°

03 (3 -5) (zx»cqzxg

M

X=0 ?))x-f’
=%
=S

5

K

2. ¥ —16

(x+%)
x=

4. 4x* 36

x=4
1:2x

1x+€ =0

Zx'é %< ( 1

L&

Ix-(=0 —
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Example 1:

Simplify each of the following and state the restrictio
16=0 9 D
'27:2 =t "B 3 7., K‘(*l“)%

w3 21Xt 6 =0
2<M)xw )
/ £ x—‘}(x-—k{- ﬁ; Y;éq
EampI2( A, p. 226) *

Simplify each of the following and state the restrictions.

a) —24d’ ’IO\:r'l‘O by 1247 /371\#0 /\‘S;LQ

S A
: a,;,q( eas )

Simplify each of the following and state the restrictions. ~

S AV
\SX _SX _ 3)(’\
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Example 4:

Identify and correct the errors in the following examples

Z("&X‘QB 310

e
24: Z ( [ _2X>X'O X—%
:ZI’HO’% = Y-

3x* "Z‘/ X# 0’1/3

b)

5 \AC_«J\\\' (e S\w\-\‘:‘x x5 =Q

/

_F (XJ«\))(-B-_Q
.. L

=:1 . X——’i\s_lx }[—‘}\ X:,\ X"\

10
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Simplify and state the restrictions.

a) 2:-10

b) 2;:27185 )
(=020 x(S-x) 22
x-0 S¥O _9(x-s)
x=95

NETH
= 21(3%)
/
— X
Practice Questions: 2_)( / %j
p. 229 - 231, #2cd, 3abcd, 4ad, 5cd, 7, 13ab .

11
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Section 4.3: Multiplying and Dividing Rational Expressions

Multiplying Rational Expressions

Multiplying rational expressions follows the same procedure as
multiplying rational numbers , however you have to determine the
non - permissible values for the variables.

Recall: = E:_I
G936 2

You can also
reduce first before
you multiply.

When Multiplying Rational Expressions, you should:

1. Factor the numerators and denominators of both expressions, if possible.
2. Identify the non - permissible values.

3. Reduce like factors.

4. Write the product and state the restrictions.

» X=0 5 x—~69O
X =6

Example 1: (ex. 1, p. 233)

12
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Your Turn:  Simplify each of the following:

M 18x° —12x 1-9x° ;2"‘ ‘}—5
3 ~ b)

B —%(éild 31

Dividing Rational Expressions % _2 x H‘S‘\)

The rule for dividing rational expressions is the same as dividing 3 \l {

10°%

Multiply by the Reciprocal

32 6 3
=X —=—=—
471 4 2

1
2

B

Recall:

When Dividing Rational Expressions, you should:
1. Factor the numerators and denominators of both expressions, if possible.
2. Identify the non - permissible values.

Remember to consider both the numerator and denominator of the
second rational expression (divisor) when identifying NPVs.

3. Multiply by the reciprocal.
4. Reduce like factors.

5. Write the quotient and state the restrictions.

13
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W="C
W=\
Example 2: (ex. 2, p. 234)

Simplify each quotient and state the restrictions.

S XF0D p 2 o-er FOA \

’ X_S 3x2—j::’6xi’ ! 2Awidw’ 9w+ 54w6w \,J\\\
| X (X‘BY . C(X'B\ =L}ui(,1~u> q\}(\”_\_e)
g R (T Ny e
- §X5) X403 - A

T_ - Do
'Lx*\‘SC}’ Tum:  Simplify each of the followin gL\B v \) Ltiu_w\‘%g\‘ﬁ
'L;‘. \4‘ o 304 15 L2x 34-0;3/, 25-x" 7535 x:ﬁq»1/1)$

2 3x Y 4+6x xT—4

= 1Dy 2X+3 5 <2 H\) S‘X}S*X) 7()< S
DT X(x) 3(x+2) (xa)e
=[S 5(2/5 (’5/3(595 W‘j@
XM gxw "7(/&3

=S _
J ,X:)i()jl, I'4 %\/X*O}Z/’z
S

X —~ 2\
=) _ X
Sx70,3-%
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gx3 .
Practice Questions:
p. 238 - 239, #1ab, 2bc, 3cd, 4ad, 5b, 6bd, 7bd

15



M3201-Unit 4

M3201 - Section 4.4

Section 4.4: Adding and Subtracting Rational Expressions

Adding or Subtracting Rational Expressions

\L

When adding or subtracting
rational numbers, you must

get alowest common

denominator.

Recall: l

+

+

v
B

v

)

LA
4
“+ 02D
7 T

2
=%

Adding or Subtracting Rational Expressions:

2. Determine the lowest common denominator (LCD).

3. Rewrite each rational expression as an equivalent expression with the
LCD as the denominator.

4. Add or subtract the numerators of the equivalent expressions while
keeping the denominator the same.

5. Simplify the rational expression and restate the restrictions.

1. Factor the numerators and denominators of both expressions, if possible.

16
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Example 1: Simplify and state the restrictions.

XF2

’(?OUR TURN:

Simplify and state the restrictions.
Oy X |
X" -\ =X
T X+ oo

= (oD ]
=

XA\ x4l

17
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Example 2: (ex. 2, p. 246)

Simplify and state the restrictions. NOTE:
>< # ne degominator is a

multiplydef another.

— —

Ux  2x
= 3 Lx

ot e
_:QSJ(‘zX )(?{O

= >
AL

gx2 !
YOUR TURN: X"'S ’ = q')( +20
Simplify and state the restrictions. AN
o x

X
D) XQS_"_Q
_2 4 \ TS

—_—

——-x'\'s —l—:\’ - LI—K-Q__()

\Z. \
X120 a0 -

\Z =\

"kx -\7_.6
= 1\l
Uxizo 1 X #'g

V!

18
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- = 2ny\= @)
Example 3: (ex. 3, p. 246) n %—_ ? W< - l/‘)_
T Eoe e j
3 '5
p— - . !\i. S \+ . 2_’\ ¥ \
- -
ot N3 R 2

:'5'\1—O\V\ _ %V\{-L’\

E*\H)("\ >) (’T)(Z‘—'\*f)

. "3\,\ K
= ”5({“:3(«\ 5%“ 7= (va) V\:SB KA

YOUR TURN:

Simplify and state the restrictions.

- —,5-. XA - _LL 1x XM\:\
2x X -1 x_\' ?TX

= Dx-3 0 %y
2x (x-\) ~ V) ) _

= %R

19
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Example 4: (ex. 4, p. 247)

Simplify: 32 4 ¢ _.rl.\.\ NOTE:
5 +—) ) The denominators
,.5 1 ¥ -16 x+4 have a common factor.

YOUR TURN:
Simplify and state the restrictions.

Practi estiong’
249 - 2587#1bd, 3bc, 4ab, 5Sbc, , 7b,

3)-X R%!
Lf(x\})(x—ﬂ'x# k¢

20
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Section 4.5 - Solving Rational Equations

Rational Equation

- an equation that contains at least one rational expression.

x-3 and
x+1 4

For example: x=

To Solve a Rational Equation:
1. Factor each denominator
2. Identify the non - permissible values
3. Method 1: Multiply both sides of the equation by the LCD
OR
Method 2: Add/Subtract fractions by obtaining LCD to get a single
fraction on both sides of the equation and then equate numerators.
4. Solve the resulting linear or quadratic equation

5. Check your answers for extraneous roots
K- X=9%
_ x 4 O Note:
/ Non - permissible values
are identified from the
X 45 7 dp_
(] N - ) >\

X’& -2 - \2X 2 _\_K_LLD:_YZ
X ~l2x-t8-.00 i
-\L\)(XLZB:O g_ . .\i =T

X-4:=0 x+2:0
\(:\L\, % = -2

Example 1:

Solve:

21
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Example 2: (ex. 2, p. 254)

}i &) 7502 (X ) — %3 (gﬁ}\(\f«\

Cred)fer) sy
X % m)f \-|
-5 1 2)a) (-0 )
x-S b = X3

N L/—\
Pk 2xA
L x4 38 20

x"ﬂx le v |

Lx L
L

h

-

3
<

22
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Besides factoring, we may have to use the Quadratic Formula to solve for the

variable in a trinomial.

Recall:

Example 3: A ‘5
4

Solve for x: 3x? +4x
— e,

\#(\

o)

-2 2%

23
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Your Turn: » sed a 0\# ’2_ 2_
1. Solve for x: E_H_E /
€L
7 A Y o)
— e —— -—

ML (@) (o)

A : —Zd &C/_xlrmv\eows Rooxf ‘

}\)0 so\ V\\‘-OV\

W/\/‘

24
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Part 2: Word Problems \¢@
(v}
S (\
Example 1:

The sum of a number and its reciprocal is > . Determine the
number™\ \ 2
5N N 2 B0 =S
X ‘ A A

X -Lx v _<g % -39
+)( = _2: ,Z/K 2, \’iO 5=2
Example 2: X x _\_ S

One positive integer is 5 more than the other. When the reci | of

the larger number is subtracted from the reciprocal of the smaller the

resultis > . Find the two integers.

X = XxS = rgq
)y
5% ( U‘)_f xpes\t) o X

%110~ - SK(X\—S)

O =™* t55x-10
S S 'S S(’?—>+l-—5

O X TSY H’ -2> -—H
> fe-2)(xa7)

@ @.Mm& e posihe

25
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Example 3:

Sherry can mow a lawn in 5 hours. Terry can mow the same lawn in
4 hours. Determine how long it would take to mow the lawn if Sherry
and Terry worked together.

Fractj wn
Time to mow lawn .
mg#ed in 1 ho

Sherry % ‘/ (=}
Terry L‘: J / -
Together

X
\
X

26
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Example 4:

Gerard takes 5 hours longer than Hubert to assemble a play set. If
Gerard and Hubert worked together, they could assemble the play set in 6
hours. Determine how long it takes each person to assemble the play set if

they worked alone.
VAN
o
N Fractio kg in
Time m
Gerard XES [ /A4S )
Hubert X V/x ]

Together 6 ' /6 /
N4

(Ox ‘(6&*30 —:Xz{‘sy

O = x T S -12x 30 :
O= xfl 77\ 3O ’\0_\—3 =)

’—-—-’\

(x- 10)(x3) 40+ 4 -

Qk

—\ - 10 hove

—_—

27
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Example 5:

A skiing club is going on a skiing trip that costs $1500 total for bussing.
If 10 non-members are allowed to go, the price per person drops by $5. If
x represents the number of members and the situation is modelled by

%-%:5 ,)\# O)—\D

algebraically determine how many members there are.

\,S—-OE. X/(X\\D) \Sod X(

> S M:S-(xﬂx’«\"!

/

(X’—SOS X—:\O _C;_O,’{{'éc_)\——;o

Tt 60 (503
SO MGW\LUS!

—_

28
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Example 6:

Priddle Inc. is having a Christmas party for all of its employees. Initially,
all employees agree to attend. The cost of the catering is $1800, which is to
be divided amongst all people who attend the party. At the last minute, 30
people decide not to come, increasing the cost per person by $2. If x
represents the number of employees and the situation is modelled by

1800 1800 N
x— 3(] x

algebraically deternyberof people €l on at Priddle
Inc.
|00 x 30 —30\
—

230
\6% - | 2O« ‘S*OCD =22 (Ox

O = 2x* Oy - S¥000
O = x% -30x -27000

Practice Questions:
p. 259, #10,11,12 + Worksheet
RN
X —_ - () - m 9
—_—
—_—

Z o
30 T %60 - U1
2 VTR0 R0
(1)
=301 JTo¥ 300
F_\

=50 ¢330 D330y
2

S
X = 360 #2290 )
2 2

29
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