M3201 - Unit 2 Complete

UNIT 2: COUNTING METHODS

fé)j/ Section 2.1: Counting Principles

Example 1: (p. 68)

Hannah plays on her school soccer team. The soccer uniforms has:
+ three different sweaters: red, white, and black and
+ three different shorts: red, white, and black.

How many different variations of the soccer uniform can the coach choose
from for each game?

In other words, what is the sample space, the different possible outcomes.

Strategy 1: Tree Diagram

Sweaters Shorts
red 1
red < black 2
white 3
red 4
white < black 5
white 6
red 7

black < black
white 9

NOTE: Atree diagram works but not an efficient method

Qo

when working with a large sample space.
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Strategy 2: FUNDAMENTAL COUNTING PRINCIPLE (FCP)

If one task can be performed in a ways,
a second task can be performed in / ways,

and a third task can be performed in ¢ ways,

then the number of ways to perform all the tasks togetheris: | (7 X b X

For the example above,

U = (# of sweaters) X (# of shorts)

BT SEL

If the coach plans on adding 2 different pairs of socks, black or white, how
many variations of uniforms will there be?

33,2 .\3

Example 2:

The school cafeteria advertises that it can serve up to 24 different meals *

consisting of one item from each of the three categories: /

Fruit: Apples (A), Bananas(B) or Cantaloupe(C)
Sandwiches: Roast Beef (R) or Turkey (T)
Beverages: Lemonade (L), Milk (M), Orange Juice (O) or

Pineapple Juice (P)

Is their adverl?g corﬁt’? 2 X L‘ — 2_"‘\’

choices choices choices
for fruit for sandwich for beverage

M3201 - Section 2.1
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Distinguish between the words AND/OR

# ways to choose a fruit a sandwich a beverage,

(MULTIPLY individual selections)

3 fruit choices x 2 sandwich choices x 4 beverage choices

= 24 possibilities

# ways to choose a fruit a sandwich .a beverage

L.

(ADD individual selections)

3 fruit choices + 2 sandwich choices + 4 beverage choices

= 9 possibilities

M3201 - Section 2.1
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Fundamental Counting Principle

|—> Arrangements Without Restrictions

Example 3:

A store manager has selected 4 possible applicants for two different
positions at a department store. In how many ways can the manager fill the

positions?
# of choices for position 1 and # of choices for position 2
# of ways to fill the positions ‘ Z
Example 4:

How many ways can the letters in the word PENCIL be arranged?

Idea: We have 6 objects and 6 possible positions to occupy

EYSNY X3Ix2K)
=720

M3201 - Section 2.1
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Fundamental Counting Principle

|—° Arrangements With Restrictions
Example 5: S

/Q‘

In how many ways can a teacher sea%boys and three girls in a row of 7
seats if a boy must be seated at each of the row?

(Sefut 1)

Restriction: a boy must be in each end seat.

¢ Fill seats 1 and 7 first
+ Then fill remaining seats

Example 6: (p. 69)

ith the correct three-digit code. Each wheel rotates

Aluggage locl-openiy
through the digi w

b) Suppose each digit can be used only once in a code. How many different
codes are possible when repetition is NOT allowed?

0*xAx3 =

M3201 - Section 2.1 5
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Example 7: FCP vs. Principle of Inclusion/Exclusion (ex.3, p. 70)

deck of cards contains 52 cards as shown.

H Iy & [la a|is s |in alie sl
¥ v e vy
e of| v v wfle vl v vrflv W
o & LI NI W Y
L vV vV
M v
PP " .
v [y (v wliv vliv v]v v]
A A e afaa
HLAA H A ML A AL A AL A A
: gt o * Hr 2|e e 4
. ¢ ofle e]e,e
L e cle efle ezle ef[e e

Count the number of possibilities of drawing a single card and getting:

B

a) either a black face card or an ace a)

]\m r\(AJcV\VSX
A & 6ttt =[lo (<

b) either a oral0 10

n w\s\ - n@)n(R) - M\B}b’
=26FU -7

M3201 - Section 2.1
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Section 2.2: Factorial Notation

Example 1:

There are 6 children in a group. How many different arrangements
can be created as they form a line?

Idea: There are 6 different objects and 6 different positions to occupy.

D EEE OO

position position position position position position
D F

Total number of permutations:

P=6 )(qu‘&-s*l’(\
= N0

Many examples involve arrangements where you multiply numbers decreasing
by 1.

This is called FACTORIAL.

For example,

6 x5x4x3x2x 1, can be written as 6! and read as "6 factorial"

In general,

) 2\

‘J,

nl=n(n—1)n—2)(n-3)......(2)1) where n‘e@

Note the connection between the Fundamental Counting Principle and
factorial notation n!

M3201 - Section 2.2
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S\

Example 2: x ‘

In how many different ways can a set of 5 books be arranged on a shelf?

= LU xJx2Lx
s

Complete the table. What pattern do you notice?

! -
r‘(n )

\

2 -
[ 1=

24 e
Q =

[T I - S I S T I = |

Example 3: 0\ *Sﬂ *9( .

Evaluate the following: =z A

NOTE: There is a factorial button on your calculator!

5 71 = [XbxSapdddn o :olx‘ﬂx'?m

= O40 R A% < s~ ca ul
= S@-\
o 12! ) 100

s = MR

M3201 -
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Example 4: 640!
638!4!
Identify and correct the error 640% 639 x 638!
in the student's solution. 638!4!

X2y ™ s

102 240 L(-A'be \

_ (406N
Example 5: = 1\‘»

Simplify the following where 1€ N : ‘7 OL"O

("e): (r\+z)K'\ W)h). \ﬁ) B (YN 3
= () Bt =Ny
=3 (N\XV\\
=3(wen)

=3n? +3n

M3201 - Section 2.2 3
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Solve the following where 1 € NV:

3 (n+2)!
(n+1)!

=10

(o5
(nW ’
.\-

2=10
N~ 3)

p.A1-83, #5acef,3bc,4;

M3201 - Section 2.2

V?‘r\ -w}(m‘i) =0
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Section 2.3: Permutations When All Objects Are Distinguishable

Permutation

I_. arranging all or part of a set of distinguishable objects

where QRDER is IMPORTANT

What are the possible permutations of the letters A, B and C ?

ABC, AC;, BAC, BCA, CAB, CBA

Example 1:

How many ways are there to arrange 3 people of a group of 5 in a line?

FCP: SXL\—)‘;=€O

This expression can be written as: E — 3! AP
21 (5-3) 2

(ko\ Formula to determine the Ember of permutations of n different elements
taken r atﬂ_dtlle'c TG

u nl » arranging a subset of items

“ v (n—r)] « only some of the items are
used in the arrangement

OR P ifal objects a

non

M3201 - Section 2.3 5
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Example 2:

If there are 7 members on the student council, how many ways can the
council select 3 students to be the president, vice-president and the treasurer?

’\D AR SIS
3 03 e T

SOto oX@ i?xGAS
7§ =20 7 210

Example 3:

In how many ways can 6 people be arranged in a line for a
photograph?

6! 6!
° l:1_(6—6)!_0! “— #ways to count an empty set

e om0

\é l A code consists of three lefters chosen from Ao Z and three digits chosen
with po regetitiogg,qf letters or numbers. Determine the total

2625 24v 10xqv g
- ) 232 000 B

M3201 - Section 2.3 _ \ 6()0 , Z
26!3 mz :S 20
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Permutations
I—» With Constraints

= two or more objects must be placed together
» two or more objects cannot be placed together
= certain objects must be placed in certain positions

Example 5:
a) How many ways can a group 01‘5 people ’JE.‘ arranged in a line if two of them
are good frieffds, Mary and Sam, and tg sit together.

ne

when certain items are to be kept together,

W LrP

Dave | |Kyle

2— 2 John 2?2-; 2| - 'Z

"\P'-\ Y= 241

b) How many ways can a group of 5 people be arrang
Sam should n(t sit together.

Y-y

a line if Mary and
Complement

total # of arrangements  _ arrangements with Mary and Sam
with no restrictions together

sPs ~ug &
= 3l -4
= \2_0 -q% ey —

M3201 - Section 2.3

treat the joined |ten'\as if they were only one object.
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Example 6:

At a used car lot, seven different car models are to be parked close to the
street for easy viewing.

a) The three red cars must be parked so that there is a red car at each end

and the third red cagjs exactly ||ur|e mid Ho ny ways can the seven

cars be parked? z ’ A \e
\ 3 Ltpq e \Hd

NI P RET

b) The three red cars must be parked side by side. How many ways can the

5\ Srk 3,\33

= 3‘
= \10 -6 |'720\

Arrangements Involving Cases

|_. Some problems have more than one case.
Calculate the number of arrangements for each
case and then add up the values for all cases to
obtain the total.

Key Words: At Least, At Most , Either
e NAYNS AN

M3201 - Section 2.3
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Example 7:

Determine the number of arrangements of 4 girls,and 3 boys in a row of
seven seats if the ends of the rows must be either both female or both male.

) (Seat 2) (Seat 3) (Seat 4) (Seat 5) (Seat 6) Bieiy
ﬁé% : ' F;%
. b0 p

\.Q.\ 4 girls, 3 boys 6 03\

@ SP Case for Females 1 ase for Males 6 X \2-()

{ = \
ol o 3% @
=% -S| ’1."- ‘120

Examp.\'e 8: (Ex. 3, p. 88)
w Tania needs to create a password for a social networking web5|te

registered with. The password can use any digits frol @ nd/or any
/L letters of the alphabet. The password is case sensitive, SO she can use both
e
S upper-case letters. A password must be at least i_characters toa
i characters, and each character can be used only once in the

password. How many different passwords are possible?

Fof dows: [0 +226)

=10 52
CO\S( \@ ;zo.sc 2© COS&B @
2621 | ¥ ot

M3201 éectlon m‘ - | 5
=6 _ag. wsvfw‘«%jr = !
= §2f Ss!
<

S?'
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Example 9:

A social insurance number (SIN) in Canada consists of a nine-digit number
that uses the dgtﬁ.ﬂ_tg_‘i_lfth o restrictions on the dgts selected for

hp sition in the number, hwm ySIN can b eated if e hdgtca

e repeate d H wd s this mp e with the mb of SINs that can be

= |6 \6 uS T~ \010°10- 10 - 10

00\3605 N\N!

w7
NY» \0 100101 =3 Qv

MEEGER)Y | 0% 500 0%

Example e 10: 0
Solve equations using , /., where >0, n>7 - 1‘1‘? O

a)SoIve@30 b) Soi Q“( 37\ 200

\ \
v\ ° = 10 \ = \Z

n '\SLM’Y‘ 230 1)\

W g’);\)‘ =\2

n(n) =30 N= )
)23 ) U )
n-n-30=0 2

Q\&

M3201 - Section 2.3

(n-6)(n+9)-0 G “;1\ \L

'\‘L"Zv\'V\"Z =2
E’ n-s N 3425 12
“2 "Sv\“o -

Q'\—S)(“ *1\ O

6
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Example 11:

Mary has a set of posters to arrange on her bedroom wall. she can only fit
2 posters side by side. If there are 72 ways to choose and arrange 2 posters,
how many posters does she have in total?

2 = T4
N .72

a2
N 92
Ty Ao

) =72 ] __
;\lv..\.y\\-:.?z ﬂ B n

nt_n -11=0

Practice Questions:
p.93-94, #1acde,3,5,8,9,10abc,13ab,14ab,15ab

~ _

M3201 - Section 2.3 7
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Section 2.4: Permutations When Objects are Identical

A permutation of 'n' elements taken 'n' ata time ( , ” or n!)is

" n

affected if one or more elements in the set are IDENTICAL.

For example,

If a set of 3 marbles consists of 2 identical green marbles and 1 blue
marble, the set {G1, G2, B} is identical to {G2, G1, B}. This configuration is
counted as two different arrangements instead of one.

Therefore, it must be removed from the total count by dividing out
repetitions ( 3t )
21

In general,

The number of permutations of 'n' objects containing
'a' identical objects of one kind and 'b" identical objects of

another kind and so on is: -

albl...

Dividing n! by a! and b! eliminates arrangements that are the same and
that would otherwise be counted multiple times.

Example 1:
If there are 9 different cookies (4 _chocolate chip, w and 2 raisin),
in how many different orders can you eat all of them if you eat one at a ime?

OI\ ﬂx%*?v(’(%x% o\x%x')v
L}[gt‘zl‘ ) wr! : ! :

M3201 - Section 2.4 1
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Example 2:

How,rpany different ways can you arrange the letters in the word
QA'I;H ICS?

e AN RO0
AU 1 95 ¢

22128

Example 3: (ex. 2, p. 101)

How many ways can the letters in ;WADA be arranged, if the first letter
must be N and the last letter must be C?

N - ¢
U | {39 ..E
Example 4: (ex. 3, p. 102)

Julie's home is three blocks north and five blocks west of her school. How
many routes can Julie take from home to school if she always travels either
south or east? ‘

M3201 - Section 2.4
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Example 5:

Determine the number of routes there are to get from point A to point B, if
you travel only south or east?

€EEE sl 7!

EC LS.
e s, e
S B2 gy

-7, #4,5,6bd,7ab,93,10,(11ab),12,153b,16,B

M3201 - Section 2.4 3
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Section 2.5/2.6: Combinations

Combination

l—» arranging all or part of a set of distinguishable objects
where ORDER does NOT matter

Think about: Students choose two letters from the list A, B, C

# of arrangments: @ @ @%

{
|
Verify using permutations: . 3 - 3 Q
B EE) -1)

order in which the AB is same as BA each group of
letters are chosen AC is same as CA 2 permutations c !\
is not important: BC is same as CB is just

o
# of combinations: 3 (cM -\ "”‘S

In general, given a set of 'n’ objects, taken 'r' at a time, the number of
possible combinations is:

n!

_rﬂn—rﬂ

This may be denoted as [

L

] read as "n choose "

M3201 - Section 2.5/2.6
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Example 1:

Identify each of the following as a permutation or a combination.
a) A fruit salad oons'i}ing of apples, grapes and strawberries.
e

C O

b) The comblnatlon to a safe is 4-7-2.

’ch M ‘\3( o\

Example 2:
In a lottery, 6 numbers from 1 to 49 are selected.

Compare the number of possibilities whether order matters (permutation) or

er order does n .tter comblnatlo ’ \0 OQ g }’(] %
e

49t -l .
“?Ce gy = T o

| NOTE: The # of combinations is LESS than the # of permutations. |

M3201 - Section 2.5/2.6 2
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Example 3:
There are 10 members of student council. How many ways can 4 of the

membé be chosen to serve(on the dance- com"j\iﬂeo_e’i_ ) ‘ Q'ﬁ % ‘) }g!
0y qJ(\O‘*)' e K

| N T

Example 4:
An ice cream parlour serves 10 flavours of ice cream. A large sundae has

3 scoops of ice cream. How many different ice-cream combinations are
there if each scoop in the sundae is a different flavour?

(=10 109%7 - 720

=12 -
Sllo Y H- U <

q.[ i S—» %xample 5:
A team consists of 9 players: 5 male and 4 female.

\a) How many different 4-person teams does the coach have to choose from

for an all-male competition?

: - \
Ly 2 =[5

b) How many different 4-person teams does the coach have to choose

from, with 2 malﬁnd 2 females, for a mixed competition?
M oS4

-—y
SC ¢ C

U3
7 7 2
M3201 - Section 2.5/2.6
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T Sod SV,
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Example 6:

The student council decides to form a sub-committee c{ 5 members }) plan
their Christmas Concert. There are a total of 11 student m ; es

and 6 females.

a) Determine how many different ways the sub-committee can consist of

exactly three females. 6 ( G l - . b
LATIET S L3y \O" 2
<Ca 2%, s J TR

- @ om— ’6—

2
) Determine how many differen wa s e su mmittee can consist gf at
1_1“ ﬁxegz.g C:C‘i (A | Cons Cose “zsn SF
Cese : sCo = ¢C<
) ‘C* ). g 200

’_;mn .,‘. _ ) 7S

Q = | < $ )
c) Determine how n\ ny different wa b-committee can consist of a

least one female. 2.% \

Ov\\-,} Cobe N contidecd, S"\ Ot
C J
NCS - STS

= |l. S‘
e T s
s Ygz2 - |

M3201 - Section 2.5/2.6 4
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:&MQ '@ractice Questions: p.110, #1abcd

2 p.118-120, #4acdf, 5, 10, 11abcde, 12, 15a
X

=N Sntb c

rA

T

2N =g A -66-0
=(N-1)(+0-0
AN=]1 | N-6

25
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Section 2.7: Solving Counting Problems

Remember:

Permutation

I—- order matters (selection of objects)

Examples:

« password or code

» selecting a group to be president, vice-president, treasurer
= awarding medals to 1st place, 2nd place, 3rd place

Combination

I—» order does not matter (selection of objects)

Examples:

The first question you should ask yourself when solving counting problems is:

lottery

pick a team of 5 people from a group of 10
taking three dogs for a walk

choose 3 desserts from a menu

DOES ORDER MATTER??

M3201 - Section 2.7
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Flow Chart to help answer questions!

E‘,an you have repetitiora

|
[ |
YES NO
¥V
n Factorial
E Does Order Matter? j
}
)
NO
Combination

Eé\re some items Identicaa

! '
NO YES
Look for Divide by r!
Conditions (# of identical)
|
| l
AND OR
Use FCP ADD
MULTIPLY ways together

M3201 - Section 2.7
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Example 1: (ex. 1, p. 122)

A piano teacher and her students are having a group photograph taken.
There are three boys and five girls. The photographer wants the boys to sit
together and the girls to sit together for one of the poses. How many ways
can the students and teacher sit in a row of nine chairs for this pose?

LN R8T G
N RIS

Example 2: (ex. 2, p. 123)

Combination problems are common in computer science. Suppose there
is a set of 10 different data items represented by {a, b, c, d, e, f, g, h, i, J} to be
placed into four different memory cells in a computer. Only 3 data items are to
be placed in the j;al_all, 4 data items in the second cell, 2 data items in the
third cell, and 1 data item in the last cell. How many ways can the 10 data
items be placed in the four memory cells?

C\\ c\\2 CA\3 C\4%
o3 L‘ %C IC |

((05 Qq {3\ (1 ~

2

M3201 - Section 2.7 | 3

12035 .3%
12600)
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Example 3: (ex. 3, p. 124)

How many different five-card hands that contain "-r :
at most one black card can be dealt to one person _." __\ |
from a standard deck of playing cards? 3

Coscl: 1 B Lk R
zec ‘?-SC%

26 + 4950

= 3% 700 Tokl
Case 27 Al Red 3%% 700

> + 6 0
26 s Ty
<70 U g

Prhacti uesti N
p.\96-127, #1abc,3ab 4, - ,13,14

M3201 - Section 2.7
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